14peak sites and new atoms positioned at the bcc pitsites.• The number of peaks, passes, pales, and pits in a unitcell (i.e., in a 3-torus S1·S1·S1) obeys the Euler-Poincare relationship for Euclidean space, i.e., peaks -passes + pales - pits = 0, and the following Morseinequalities: pits ‡ 1 peaks ‡ 1 pales - pits ‡ 2 passes - peaks ‡ 2 passes - pales + pits ‡ 1 pales - passes + peaks ‡ 1• The inequalities are too weak to be of much value inpractice; thus, there is a definite need for muchstronger inequalities that incorporate space groupspecific invariants based on equivariant topology andcan be applied to the wrapped-up asymmetric unit(i.e., orbifold) rather than the wrapped-up unit cell(i.e., 3-torus cover).• The total number of critical points of a given typebelonging to an asymmetric unit (fundamental do-main) of a crystallographic unit cell can be calculatedby dividing the sum of Wyckoff site multiplicities forall sites occupied by critical points of that type by theWyckoff site multiplicity for the general position site.For simple high symmetry structures, this number isoften less than one.• Since the Betti numbers for the 3-torus are 1,3,3,1,the minimum number of critical points possible in acrystallographic unit cell is 8, (i.e., 1,3,3,1 in P‘1 withcritical points on the 8 inversion centers). Betti num-bers are topological invariants used in the derivationof the Morse inequalities.2,3,5• The inequalities are still of little practical value; thus,there is a definite need for much stronger inequalitiesthat incorporate space group specific invariants basedon equivariant topology and can be applied to thewrapped-up asymmetric unit (i.e., orbifold) ratherthan the wrapped-up unit cell (i.e., 3-torus).4. Critical Nets on OrbifoldsIn Sect 3. we saw that critical net drawings can be-come rather complex even for very simple examples suchas the body-centered cubic (bcc) structure. In the presentsection, we introduce critical nets on orbifolds, which re-duce both the graphical and interpretation complexity as-sociated with critical nets while including valuable spacegroup topology information as well.4.1 Body-Centered Cubic OrbifoldThe orbifold for Im‘3m, the parent space group for bccstructures, is derived from the fundamental domain shownin the lower left of Fig. 4.1. The space group coordinatesfor the vertices of the fundamental domain are given inparentheses as fractions of the unit cell lengths. The ar-rows denote the down density critical net paths leadingfrom the peak at (a) to the pit at (b). Wyckoff identifica-tion letters (a-k) are shown on the asymmetric unit draw-ing, and the ITCr1 information on most of those Wyckoffsites is listed in the columns labeled �Wyckoff Set� in themiddle of the figure. The tetrahedral fundamental domainhas three sides bounded with the top (k) and bottom (j)mirrors with (k) bridged over the 3-fold axis as describedin Sect. 1.6, but the fourth side is open (unbounded) with a2-fold axis (i) extending from one corner of the open end(c) to the center (d) of the opposite face, which containsanother 2-fold axis (g).Figure 4.1. Construction of Im‘3m orbifoldfrom asymmetric unit and superimpositionof body-centered cubic lattice complexto form linear critical graph.Visualize the tetrahedral asymmetric unit as a single-pole pup tent, covered by a silvered rubber reflectivesheet, with a support pole (i) in the entrance. A horizontal�threshold� pole (g) with a hinge in the middle (d) liesacross the front of the tent floor with the hinge attached tothe bottom of the support pole. To close the tent, we grabthe two corners of the rubber sheets (j and k) at the twoends (b) and (b’) of the hinged threshold pole (g) and bringthem together stretching the extensible and flexible tentfloor poles (e) and (h) in the process. We then zipper theedges of the sheet (k) together to form the bounded orbi-fold shown in the lower right drawing of Fig. 4.1.The underlying topological space of this 3-orbifold isa 3-ball. Using the notation in Fig. 2.3, the orbifold hastwo singular points of type j, 4’3’2’ at (a) and 4’2’2’ at (b),and two singular points of type i, 23’ at (c) and 22’ at (d).

154.2 Linearized Critical Nets on OrbifoldsCritical nets are actually Morse functions that aredefined in terms of a mathematical mapping from Euclid-ean 3-space to Euclidean 1-space (i.e., a single valued 3-dimensional function). Taking this requirement literally,we deform the orbifold so that the Euclidean 1-space ofdensity is vertical in the page (i.e., peak height > passheight > pale height > pit height). This adds a welcomeconstraint to the drawing of orbifolds that in general haveno inherent topological constraints to guide the illustrator.The topologist would probably tend to draw it as a solidsphere, but we are not violating any topological principlesin forming the linearized critical net on orbifold (i.e., lin-ear critical graph) shown at the top of Fig. 4.1.The multiplicity for each Wyckoff site is given as acolumn in the table and the preceding column shows theinteger ratios of the multiplicities in adjacent rows, whichare by design the adjacent elements in the critical netgraph. These ratios tell us the coordination numbers ofcritical net components around other critical net compo-nents, thus summarizing much of the structural topologyinformation you would obtain by examining ORTEP-IIIcritical net stereo drawings or calculating and evaluatinglong tables of intercomponent distances and angles. Notethe abbreviated orbifold critical set notation in the linearcritical graph of Fig. 4.1 where 3’3’ becomes 3’, and sta-tionary points such as 4’3’2’ are denoted by the labels onthe lines intersecting at that point.4.3 Resolution of the Critical Net Versus TilingDiscrepancyThe coordination numbers also provide a method forapplying topological constraints in that there must be ex-actly two peaks around a pass and two pits around a pale.This particular combinatorial constraint holds for the til-ing approach of Dress, Huson, and Moln�r as well as forour critical net Morse function approach. Fig. 4.2 showstwo solutions satisfying that constraint based on the orbi-fold topology for space group Fd3m with atoms (i.e., til-ing vertices in the Dress approach, peaks in the critical netapproach) on the two43m sites of Fd3m. Fig. 4.2 com-pares the two configurations assuming both are linearizedcritical nets on the Fd3m orbifold. The columns of num-bers are sums of Wyckoff set multiplicities for each levelof the critical net and integer ratios of neighboring rows.Only the connections between adjacent levels aresummed. An ORTEP drawing of the configuration labeledbcc derivative is shown in Fig. 3.4. A similar drawingcannot be made for the special rhombohedral tiling givenby the second configuration since the two pales are farfrom collinear with the pit.What�s going on here? First, we note that the left con-figuration has seven nodes while the right has only six,but the six in common are on the same Wyckoff sites andpoint positions. We then note that on the orbifold drawing,in the lower right of the figure, the h2 axis lies directlybetween the (e) and (f) sites. Since a separatrix line cannever traverse more than one isometry zone (i.e. Wyckoffsite zone), there has to be another critical point at point(h). According to the special rhombohedral indexing, thispoint would have to be a degenerate critical point with acubic (triple point) algebraic dependence rather than quad-ratic along the (e) to (f) vector since the density is headingdownhill along that vector. We can always decompose adegenerate critical point into several nondegenerate criti-cal points, but then we would be in trouble satisfying theEuler-Poincare relationship described in Sect. 3.10. Theobviously related (c) and (d) Wyckoff sites must be as-signed to the same Morse function levels, which then pro-duces the correct configuration shown in the left-handdrawing. In other situations, missed critical points may makeone of the critical points found appear to be degenerate. Inour experience to date, a critical net that is not a Morsefunction has always been traceable to misindexing causedby the omission of valid critical points. Once the peakpositions have been assigned by positioning atoms andassigning their Gaussian thermal motion parameters, therest of the critical net is fixed; it is just a case of deter-mining what it is. In the simple structures we are discuss-ing in this treatment, the thermal motion probability den-sity is either constrained by symmetry to be isotropic orassumed to be isotropic and in any case has little effect oncritical net details. Thus we omit smearing functions fromthe discussion other than to say they are isotropic, Gaus-sian, and mildly overlapping.

_ Figure 4.2. Comparison of critical netand tiling results.

165. Lattice Complexes on Critical Nets onOrbifoldsCritical nets on orbifolds, as presented in Sect. 4,provide a wealth of local topology information about theparent space group and simple structures on that spacegroup. The global topology information is also there, en-coded in the macrodetails of the combined critical netgraph and orbifold, but sometimes we need a more spe-cific summary of the global picture. A simple exampleconcerns the difference between face centered cubic (fcc)and hexagonal closest packing (hcp) which have identicalsubstructures as indicated by the coordination vector asshown in Figs. 5.2 and 5.4. Lattice complexes are con-venient for the next step up past the coordination vector.In fact, the fcc and hcp configurations have their own lat-tice complex symbols F and E, respectively.5.1 Lattice Complex BackgroundLattice complexes have over a 75 year history incrystallography. We find much of the literature on latticecomplexes more complex than we need for our applica-tion, but there is an introductory paper40 that describes thebasics we use. Once those basics are understood, certainkey tabulations in Fischer, Burzlaff, Hellner, and Don-nay;41 Koch;42 and Fischer and Koch43 become useful. Thedefinition given in the most recent reference is that alattice complex is the set of all point configurations thatmay be generated within one type of Wyckoff set. Hell-ner�s definition is that a lattice complex is an arrange-ment of equivalent points (or equipoints) that are relatedby space group symmetry operations, including latticetranslations. Example applications of lattice complexesare given by Hellner, Koch, and Reinhardt.44The �characteristic space-group type� of a latticecomplex is defined as the highest symmetry space groupthat can generate the lattice complex. All other spacegroups with the same lattice complex are subgroups ofthat characteristic space group, but not all the subgroupscontain the lattice complex (i.e., being a subgroup is anecessary but not sufficient condition). For lattice com-plex I, the characteristic space-group type is Im3m; andthe �characteristic space-group site� is m3m at Wyckoffposition a in space group Im3m, which is a fixed pointwith zero degrees of freedom.5.2 Lattice Complex NotationAny lattice complex that has its characteristic space-group site on a fixed point is called an invariant latticecomplex. Those with one degree of freedom are calledunivariant lattice complexes, etc. Among the 36 invariantlattice complexes, 11 are rotational or stereometric iso-mers of others. The remaining 25 listed in order of thenumber of points [n] per cell in a lattice complex are: [1]P; [2] C, E, G, I; [3] J, N, +Q, R; [4] vD, F, +Y; [6] J*, W;[8] D, vT, +Y*; [9] M; [12] S, +V, W*; [16] T, Y**; [24]S*, V*. The lattice complex W* for example is called atwelve pointer. All the points are on an 88 sublatticewithin the unit cell (1212 sublattice for hexagonalunit cell). Those equivalent to Bravais lattices are P, C, I,R, and F.In Figs. 2.8, 5.1, 5.2, 5.3, 5.4, and A1, the latticecomplex symbols with subscript 2, ab, or c denote celldoubling in three, two, or one dimension(s). A superscriptdigit (1, 2 or 3) denotes the positional degrees of freedomfor sites not on fixed points.Lattice complexes (LC) provide convenient nomen-clature, classification, and data management representa-tions for space-group orbifolds and critical nets. As anexample, the 3-orbifold I43m (#217), shown in AppendixFig. A.1, is described in our extended Wyckoff notationas:113where (a,b,d), (c,e,f), (g) and (h) are invariant, univariant,divariant, and trivariant LC, respectively. The structuring(pq:) is hierachical with invariants in univariants, invari-ants and univariants in divariants, etc.The most general LC (the trivariant LC (h) in thisexample) describes the total orbifold, or if no singular setis present, the manifold. In (h) the underlying 3-ball (D3)topological space has a mirror 2-disk boundary (D), con-taining (g), and a single suspension RP2 antipodal surfacerepresentation with cone point (12-d-20) and cone axis(24-f-22). The univariant LC notation for (8-c-3’3’), (12-e-2’2’), and (24-f-22) includes coordination numbers fromWyckoff multiplicity ratios as calculated in Fig. 4.1. Thenotation [(I4)c3’(P1)3’ &] in (c) describes a site on the 3’-axis called an invariant limiting lattice complex.41,43,45 {P12}(which has the multiplicity of the 3’-axis site (c) on whichit lies). The 3’-axis then loops back (denoted by &) to thestarting point (2-a-3’3’2’) through a second ((I4)3’) con-nection. All limiting lattice complexes are omitted from 3-orbifold Figures 2.8 and A.1, but several univariants areincluded in Figures 5.1-5.4.5.3 Lattice Complex Splitting EquationsThe lattice-complex splitting equations for thecubic lattice complexes interrelate the lattice complexes.These include F=P+J, P=I+J*, W=V*+S*, I=P+P",P=F+F", J*=J+J", W*=W+W", D=F+F’, D"=F"+F"’,=D+D", V*=+V+V, S*=S+’S, F2(@ 1/8,1/8,1/8)=T+T",’, Y**=+Y*+Y*, +Y+Y", and —Y+—Y"with ’, ", and "’ denoting translations along a body diago-

17nal by (1/4,1/4,1/4), (1/2,1/2,1/2), and (3/4,3/4,3/4), re-spectively. In our analysis of critical nets, these equationsrelate a lattice complex in one net to a path between twolattice complexes in a net at a lower level. In Fig. 5.1, forexample, the P lattice complex in Im3m is related to thetwo F lattice complexes in Pn3m and the 3-fold path be-tween them by P2=F+F".5.4 BCC Symmetry Breaking FamilyIn order to point out some additional properties aboutorbifolds and critical nets on orbifolds, we examine a se-ries of related cubic space group orbifolds that accommo-date the body-centered cubic critical net. The series ofcubic space group orbifolds that are related by group/subgroup relationships starting with Im3m is shown in thelinearized critical nets of Fig. 5.1, which includes the ce-sium chloride and body-centered cubic critical net crystalstructure types. _ __ Figure 5.1. Body-centered cubic and CsClcritical nets superimposed ontocubic space group orbifolds.Notes on orbifold Figs. 5.1, 5.2, and 5.3:• A straight arrow between graphs points toward anormal subgroup, a straight arrow within a graphpoints toward a site of �lower density�, an arrow be-tween adjacent levels within a graph indicates a criti-cal net Morse function separatrix, and an arrow be-tween nonadjacent levels within a graph indicates asymmetry axis of the space group orbifold that is notembedded into the critical net Morse function.• A number greater than 1 labeling a line of a graphindicates a 2-, 3-, 4-, or 6-fold crystallographic rota-tion axis while 1 indicates a path within a general po-sition zone.• A primed number indicates the path lies in a mirror.• A thick circle indicates a projective plane suspensionpoint arising from an inversion point not in a mirror(i.e., types b and e of Fig. 2.3).• For a group/subgroup pair, each axis within the parentgraph is either split into two identical axes or reducedin group order by one half (e.g., 4’ fi 4’ + 4’, 4’ fi 4,or 4’ fi 2’) in the subgroup graph.• A superscript number on a lattice complex symboldenotes the degree of positional freedom at that site.• Mult, the sum of Wyckoff multiplicities for a row ofelements in a graph, is the same for all groups in theillustration except Fd3c (#228), which has 8 timesthat number because of its multiple cell (e.g., I fi )lattice complexes.• Integer ratios of adjacent multiplicities provide thecoordination vector.• The odd-order 3-fold axis in an orbifold is the onlyoperator that can:• Continue through a 332 or 3’3’2’ junction• Bridge a mirror over itself without breaking themirror if it is 3’3’• Permit a 2-fold axis to continue through a 322 or3’2’2’ junctionIn other words, separate edges of a graph can repre-sent different segments of the same Wyckoff site if a3-fold axis is present.Notes specific to Fig. 5.1:• By adding the shortest peak-to-pit path (4’ for #229)to the graph, we also obtain the number of peaksaround pits (2) and pits around peaks (6) as coordina-tion numbers. The extended coordination vector [e.g.,(6)(8,2,6,4,2,4)(2) for bcc] can be used as a localtopological description of critical net coordination to-pology for simple critical nets.• The underlying topological spaces for Fig. 5.1 are the3-ball in #229, #221, #224, and #223; S in #211 and#208; RP in #197; doubly suspended RP in #222,#201, #218, and #228; and 3-ball plus singly sus-pended RP2 in #204 and #217.

185.5 Additional Cubic Space Group Examples The face-centered cubic and the diamond families areshown in Figs. 5.2 and 5.3, respectively.

___

Figure 5.2. Face-centered cubic critical netsuperimposed onto cubic space group orbifolds. See �Notes on orbifold Figs. 5.1, 5.2, and 5.3� followingFig. 5.1. Notes specific to Fig. 5.2: • Graph nodes that are blank (i.e., without a latticecomplex descriptor) are still lattice complexes but donot have a parent on an invariant fixed position andthus do not have a standard crystallographic name.• The 3’ axis in orbifold #216 and the 3-fold axis in#196 extend through all four F lattice complexes,3’3’2’ and 332, respectively, to form loops.• A single mirror covers orbifold #216.• The underlying topological spaces are the 3-ball in#225, #216 and #202 and the 3-sphere in #209 and#196. _ __^{Figure 5.3. Diamond and ZnS critical netssuperimposed onto cubic space group orbifolds.Note specific to Fig 5.3:• The underlying topological spaces are the 3-ball in#227 and #216, the 3-sphere in #210 and #196, andthe doubly suspended projective plane in #203.5.6 Hexagonal Space Group ExamplesFig. 5.4 shows the critical nets for graphite, hexago-nal diamond, and hcp, which all crystallize in the samehexagonal space group, P6/mmc. The Wyckoff set andorbifold for that space group also are shown.The nodes of the critical net graphs in Fig. 5.4 containthe appropriate Wyckoff symbol rather than the latticecomplex symbols. The Wyckoff to lattice complex map-ping is a,b fi Pc; c,d fi E; and g fi N, where Pc standsfor primitive with doubling along the c axis.The upper left drawing of Fig. 5.4 is the orbifold thathas a single 2’ axis, h, extending around the upper edge ofthe kitchen measuring-scoop shaped basin. There are three3’ axis intersections (b, c, & d) that h traverses to form acomplete loop. The leading end of the scoop has a single3’ axis half-loop, f, while the support spine along the back}

19of the scoop is a second 3’ axis, e. The bottom point, a, atthe spine, e, gives rise to a 2 axis that goes through openspace from point a to point g in the forward end of thescoop. Everything below the 2’ axis, h, is covered by mir-ror floor, k, while that above h has a mirror ceiling, j.The hcp critical net in the upper right has the multi-plicities shown for each critical net component and thecoordination vector (8)(12;2;4;3;2;8,4)(6,1), which isidentical to that for fcc in Fig. 5.2. The summed hcp mul-tiplicities are all smaller than those for fcc by a factor oftwo because of the supercell in fcc caused by repeatingafter three layers in fcc versus two layers in hcp.

_ _^{Figure 5.4. Three different critical nets on thehexagonal space group P63/mmc orbifold.An interesting feature of critical nets is duality inwhich the critical point set�s peaks, passes, pales, and pitscan be relabeled in inverse order to produce a dual criticalnet. We note that the diamond structure critical netsshown in Fig. 5.3 are self dual in that there is mirrorsymmetry relating the top and bottom halves of the criticalnets. The face-centered cubic critical nets in Fig. 5.2 andthe body-centered cubic critical nets in Fig. 5.1 are notself dual; consequently we can turn those critical nets up-side down to produce different families of critical nets.The bottom two critical-net drawings in Fig. 5.4 il-lustrate the duality of graphite and hexagonal diamond.Note that the coordination vector (4)(4,2,6,6,2,4)(4) isidentical to that for diamond in Fig. 5.3 while the summedmultiplicity vector (16)(4,16,8,48,8,16,4)(16) is half thatof diamond, which tells us there are more layers in realdiamond but the averaged local topology is identical.The x and z values given under the critical net in Fig.5.4 provide the variable position parameters for occupiedunivariate and divariate Wyckoff sites. We felt it neces-sary to make some slight metric adjustment in going fromgraphite to hexagonal diamond based on empirical in-spection of stereoscopic ORTEP diagrams. We have notdone any analytical positioning of critical points based onthe Gaussian density Morse function calculations since formost simple examples studied to date except basic beryl-lium acetate, the space groups usually provide enoughfixed points to define the critical net details. That will notbe the case for more complex crystal structure problemswhere many of the critical points are on general ratherthan special positions.5.7 Critical Nets Versus Dirichlet PartitioningDirichlet partitioning of 3-space around a lattice-complex point is carried out by placing planes normal tovectors between neighboring points of the complex atmidpoints of the vectors. This forms a convex polyhedronaround the origin site in which all points within the poly-hedron are closer to the origin site than to any other site ofthe complex. The vertices of a Dirichlet polyhedron aresometimes called interstices, implying holes betweenspherical atoms.For the invariant lattice complex P, which representssimple cubic packing, the center, face, edge, and vertexbarycenters (centroids) fall on the peak, pass, pale, and pitcritical points of the critical net, respectively, as expected.For the body-centered lattice complex I, this correlationdoes not hold since the bcc peaks, passes, pales, and pitsare on the center, 8 hexagonal faces, 24 vertices, and 6square faces, respectively, rather than on the center, 14faces, 36 edges, and 24 vertices of the bcc truncated octa-hedron Dirichlet polyhedron.Because of such discrepancies, we recommend thatcritical nets be used in place of Dirichlet polyhedra tilingwhen practical. The Dirichlet partitioning algorithm is notbased on Morse theory topology principles. Thus the bccrhombohedral dodecahedron coordination polyhedron (12faces, 24 edges, 14 vertices) is not dual to the bcc trun-cated octahedron Dirichlet polyhedron,46 and it serves as aclassic counterexample to the postulated duality betweencorresponding coordination and Dirichlet polyhedra,which the unwary may assume to be present.6. Where do we go from here?Since there is little crystallographic background lit-erature available to provide guidance for future research,we present our list of research needs in crystallographictopology. The current state of the art can only be charac-terized as exploratory. As Walt Kelly�s comic strip char-acter Pogo once said, �We are faced with insurmountableopportunities.�}

206.1 Interpretation of Macromolecule ElectronDensity MapsWe first got into crystallographic topology in 1976using critical point analysis as a representation method forheuristic reasoning interpretation of protein electron den-sity maps. The ORCRIT computer program we wrote atthat time was �decommissioned� for 15 years but has re-cently been reactivated and used successfully in a series offeasibility study by Janice Glasgow, Suzanne Fortier, andtheir Queens� University colleagues.47 The ORCRIT pro-gram is more oriented toward numerical analysis (i.e., 3-Dlinear blending interpolation and Newton iteration) andgraph theory (i.e., minimal spanning trees) than topology.It uses only the peak and pass critical points to constructwhat might be called ridge lines which tend to trace thepolymeric backbone and sidechains.If we rewrite ORCRIT today, we would use EricGrosse�s spectral spline method48 to find the critical pointset, then numerically trace the separatrices. From the re-sulting critical net we can determine volume, integrateddensity, and topological shape descriptors for the chemicalcages for computational comparison with related archivedpeptide and protein structure results. ORCRIT relied en-tirely on distance, angle, and critical-point eigenvectormetric details, which are intrinsically less robust than in-tegrated quantities and topological descriptors.6.2 Critical Net Software NeedsWe need to develop computer programs to determineroutine critical nets for small molecule crystal structuressuch as basic beryllium acetate, shown in Fig. 3.5. Wepresent a �wish list� of what we would like to develop orsee developed by others. We need to:• Write a modified ORCRIT program that, throughsummation of crystal space Gaussian density func-tions, can calculate density and its first two deriva-tives at any point in an asymmetric unit. ORCRIT canthen do its pattern search for critical points withoutstoring or interpolating density maps on grids.• Write a �twisted H� search function for ORTEPbased on the comments in Sect. 3.9 to assign criticalnet indices and separatrices.• Modify ORTEP-III to more automatically plot criticalnet drawing given the critical points and separatrices.The current features are minimal.• Write a matroid49 program to resolve hierarchicallythe orbifold singular set in one direction and thecrystal structure critical net in a second direction.Such a program could provide a representation forcrystal structure classification, archiving, and query-ing. This �dimatroid� could also serve as a�blackboard representation� in heuristic programmingfor stepwise conversions of Fd3 (in Fig. 5.3) to thefull basic beryllium acetate critical graph, for exam-ple.6.3 Orbifold AtlasThe orbifold atlas we have mentioned several times isneeded for both pedagogical and research reference pur-poses. For each space group the atlas might include twoidentical orbifold singular sets drawings with Wyckoffsite symbols on one and lattice complex plus axis ordernumbers symbols on the other. Perhaps the simplest pos-sible linearized critical net graph(s) for that space groupmight also be presented. There should also be a list ofcoordinates for the fundamental domain (asymmetric unit)vertices used based on the ITCr space group drawing se-lected. A brief description of the underlying topologicalspace and the key orbifolding steps used to close the fun-damental domain should also be included.In addition to a sequential ordering of orbifolds basedon the standard space group numbers, subgroup/lattice-complex trees of linearized critical net graphs such asFigs. 5.1, 5.2, and 5.3 could be made for the various crys-tal families. A nomenclature system based on such graphswould be useful in crystal structure classification.Graphics automation of singular set drawing wouldcertainly be welcome and perhaps essential since the ex-isting computer-assisted drawing programs such as AdobeIllustrator are very labor intensive when applied to thistask. One approach is to use a graphics techniques of knottheory where M�bius energy functions based on Cou-lomb�s law are applied to space curves, links, knottedgraphs, surfaces, and other submanifolds.50 Programs suchas Scharein�s KnotPlot, Brakke�s Surface Evolver and theGeometry Center�s GeomView, which are all described onthe World Wide Web, might be adapted to this task.6.4 Interactive Data Base for Space Groups andOrbifoldsExisting commercial space group data base programshave not been useful in our research. We would like to seea noncommercial World Wide Web site that provides thekey information of the ITCr for any space group includ-ing Wyckoff sites and subgroup family data. An interac-tive orbifold atlas could be implemented through additionof database retrieval for topological orbifold data.The computer algebra system GAP,51 which standsfor Groups, Algebra and Programming, was developed byJoachim Neubueser and coworkers of Lehrstuhl D f�rMathematik, RWTH, Aachen, Germany. GAP now con-tains a crystallographic library for two, three, and fourdimensional space groups based on the tables of Brown etal.52 A WWW server might be feasible that would com-bine orbifold data bases and the GAP system to provideinteractive answers to both standard and research levelinquiries about crystallographic groups and orbifolds.

216.5 Orbifold Covers Based on Color GroupsThe bicolor Shubnikov space groups and other crys-tallographic color groups have both symmetry and anti-symmetry group elements with the symmetry elementscarrying out the normal positional transformation opera-tions. The antisymmetry elements of an n-color group areessentially the elements of a group that are deleted in go-ing from a group to one of its index-n normal subgroups.The color groups are often used in crystal physics appli-cations such as the description of magnetic patterns incrystal structures, but they can be used here to describethe cover of an orbifold or to derive one Euclidean 3-orbifold from another 3-orbifold when their parent spacegroups have a group/n-index normal subgroup relation-ship.We have derived graphical representations for the 58bicolor spherical 2-orbifolds to supplement Fig. 2.3 and itwould not be difficult to extend this to the bicolor planegroups. Full bicolor illustrations of the 1191 nontrivialShubnikov space groups are given in Koptsik53 but thecomplexity of those illustrations is quite overwhelming.An atlas of Euclidean bicolor 3-orbifold drawings is per-haps feasible but not a trivial project.Using GAP, it should be possible to rederive theShubnikov space groups computationally and from themderive the ordinary Euclidean 3-orbifolds in space group/subgroup families starting from a small number of toplevel orbifolds in each family derived with normal geo-metric topology cut-and-paste methods.6.6 Analytical TopologyAlthough there is a huge analytical topology literaturethat should seemingly be applicable to crystallographictopology problems, the only equation that we have foundreally useful in practice is the Euler-Poincare equation,which states that the alternating sum for the numbers ofthe sequential critical point types is zero for Euclideanmanifolds of all dimensions. We need equivariant invari-ants for characterization of orbifolds, underlying topologi-cal spaces of orbifolds, and crystallographic Morse func-tions on space groups and orbifolds. We anticipate thatsuch invariants probably involve cohomology.7,31,32,33Thurston16,17,54 conjectures that each closed 3-manifoldcan be decomposed (by connected sums and splittingalong incompressible tori) into pieces, each of which has ageometric structure modeled on one of eight types of 3-dimensional geometries�H3, Sol, S3, E3, S2·R, H2·R, Nil,and (the universal cover of) SL(2,R). Structures on Seifertmanifolds account for the last six of the eight geometries.Several of the underlying spaces for orientable 3-orbifoldshave S (for dihedral point groups) and SR (for cyclicpoint groups) as underlying spaces, and the 10 Euclideanmanifolds have Seifert manifolds as underlying spaces.Are there any formal theorems that give all the underlyingspaces for Euclidean 3-orbifolds in terms of specificclasses of geometries or manifolds?At times we need to trace geodesic paths in orbifoldscorresponding to general straight lines in Euclidean crys-tal space. For Euclidean and spherical 2-orbifolds, con-formal mapping, using the Schwarz-Christoffel transfor-mation from an arbitrary circle or half plane (orbifold) toan n-gon (fundamental domain), and analytic continua-tion, based on Schwartz�s principle of reflection, willwork assuming the reverse transformation also is avail-able. However, our problems are mainly 3- rather than 2-dimensional. The literature on Riemannian orbifolds (e.g.,Riemannian geometry of orbifolds55) should be followedfor its relevance to this problem.AppendixThe 36 cubic crystallographic space groups are dif-ferent from the remaining 194 space groups in that theyeach have body diagonal 3-fold axes arising from theirtetrahedral and octahedral point groups. These body di-agonal 3-fold axes make their orbifolds a less understoodtopology problem in that the Siefert fibered spaces ap-proach of lifting from a base Euclidean 2-orbifold is inap-plicable since fibration along the required orthogonalprojections become tangled together by the 3-fold axes.On the other hand, many aspects of the cubic groups orbi-folds are more straightforward than for the simpler spacegroups that are based on cyclic and dihedral point groups.The 36 Euclidean 3-orbifolds for the cubic spacegroups (i.e., the cubic 3-orbifolds) are illustrated in Figs.2.8 of Sect. 2 and A.1 of this Appendix. The 12 cubic 3-orbifolds in Fig. 2.8 have S as their underlying topo-logical space. For the 24 cubic orbifolds in Fig. A.1, thefirst 11 have a 3-ball underlying space, the next two havesingly suspended projective 2-planes (RP) with mirrorboundary, followed by 10 with doubly suspended projec-tive 2-planes (RP). The final cubic 3-orbifold in Fig. A.1has a projective 3-plane (RP3) underlying space.The small circles at the points of each projectiveplane cone in Fig. A.1 denote projective plane suspensionpoints which arise from mirror-free inversion centers ofthe space groups. The dashed lines around the circum-ference denote the antipodal relationship for points half-way around each circle on the cone surface. The dashedline around the RP sphere denotes an antipodal gluingrelationship for all points on any great circle of the RP3spherical representation. Orbifolds having an RP or RP3underlying space may be drawn in several different waysbecause of the sliding antipodal gluing relationship forprojective planes discussed in Sect. 2. For the RP exam-ples in Fig. A.1, drawings with the least possible numberof singular-set components on the antipodal surface areshown. The symbols at the vertices of the singular setgraphs in the orbifolds denote invariant lattice complexesdefined in Sect. 5. An extension of this notation to de-scribe the complete orbifold for I43m (#217) is given inSect. 5.3.

22Figure A.1. The 24 cubic 3-orbifolds that do nothave S3 as the underlying topological space.Each cubic group has an index-4 rhombohedral basedtrigonal subgroup and an index-3 orthorhombic or tetra-gonal subgroup. There are only seven rhombohedral spacegroups: R3 (3), R32 (32), R3m and R3c (3m), R3m andR3c (3m), and R3 (3) where the symbol in parentheses isthe corresponding trigonal point group. Thus it seemed areasonable approach to order the cubic groups in columnsaccording to their index-4 rhombohedral subgroups and inrows according to their index-2 cubic subgroups. Aftersome additional partitioning of R3m and R3c columns wearrived at the subgroup graph shown in Fig A.2. We thankJohn H. Conway of Princeton for an e-mail exchange ex-plaining his related �odd-subroutine� approach to thegroup classification problem that he has applied to a num-ber of group classification problems including the crys-tallographic space groups.Fig. A.2 uses the subgroup, group normalizer, andlattice complex information given in the ITCr. Each boxcontains the cubic space group symbol in the upper rightsubbox, the index-3 orthorhombic or tetrahedral subgroupin the middle, and their respective ITCr sequence numberson the bottom line. The upper left subbox contains thesimplest lattice complex of the cubic space group. Orbi-folds for the index-3 subgroups of the cubic groups can beused to derive the cubic orbifolds. Boldface type identifiesi-fied by bold solid lines leading down from cubic (but notorthorhombic) group normalizers.The seven rhombohedral trigonal subgroups of thecubic groups are shown in the bottom row of the figurewith their space group symbols and simplest lattice com-plex in the top row of each box. The index-3 subgroups(monoclinic/triclinic) of the rhombohedral groups are in-dicated on the middle line and the respective ITCr num-bers on the bottom line of each box. The divider strip be-tween the cubic and rhombohedral groups gives the pointgroups for all the space groups involved in each column,with the cubic/orthorhombic (or tetragonal) to the left andthe rhombohedral/monoclinic (or triclinic) to the right.Two boxes in a row that are not separated by a spacebelong to a specific column. To minimize clutter in thedrawing we use the convention that whenever a subgroupconnection line goes to the midline separating adjacentboxes, both boxes are involved in the subgroup relation. Ifthat line goes to another pair of adjoined boxes, the rightgoes to the right and the left to the left except when thereis a loop in the subgroup relation line, which indicates aright-left interchange. All solid lines join order-2 sub-groups and pertain to the cubic, orthorhombic/tetragonal,rhombohedral, and monoclinic/triclinic sets of groups in-dividually. The orthorhombic space group set forms pairsof duplicates.The dashed lines leading to a dashed box two levelsfurther down is an index-4 subgroup relationship. Notethat each dashed box is a repeat of the regular box threelevels up in the same column, reflecting the Bravais latticerepetition I, P, F, I, P which occurs in each column as de-noted by the initial letters in the space group symbols.This relationship only holds for the cubic space groups inthe figure and not for the orthorhombics/tetragonals. SinceFig. A.2 is meant to be used mainly for orbifold applica-tions, it does not include explicit information on howmany unit cells are required for each space group/sub-group relationship.Note that for order-2 subgroups, there are two inde-pendent cubic space group families, one starting at Im‘3mand ending at F23, and the second starting at Ia3d andending at P23. The ending space groups are the only twocases of space groups without order-2 subgroups. The twoseries are sometimes called the A and B cubic space groupfamilies, respectively.

23Figure A.2. Cubic space group/subgroup graph.Solid lines = index 2; dashed lines and rhombohedral column subgroups = index 4; space groups in lowerparts of boxes = index 3.

24References[1]T. Hahn, ed., International Tables for Crystallography,Volume A: Space-Group Symmetry, Kluwer AcademicPublishers, Dordrecht, The Netherlands, 1995.[2]M. Morse and S. S. Cairns, Critical Point Theory inGlobal Analysis and Differential Topology: An Introduc-tion, Academic Press, 1969.[3] J. Milnor, Morse Theory, Princeton University Press, Prin-ceton, New Jersey, 1969.[4] M. Goresky and R. MacPherson, �Stratified Morse The-ory� in Proc. Symp. Pure Math., Vol. 40, pp. 517-533,1983; M. Goresky and R. MacPherson, Stratified MorseTheory, Springer-Verlag, New York, 1988.[5] L. E. El�sgol�c, Qualitative Methods in Mathematical, American Mathematical Society, Providence,Rhode Island, 1964.[6]M. N. Burnett and C. K. Johnson, ORTEP-III: Oak RidgeThermal Ellipsoid Plot Program for Crystal Structure Il-lustrations, ORNL-6895, Oak Ridge National Laboratory,1996.[7] A. Dimca, Singularities and Topology of Hypersurfaces,Springer-Verlag, New York, 1992.[8] C. T. C. Wall, �Deformations of Real Singularities,� To-pology, Vol. 29, pp. 441-460, 1990.[9] R. F. W. Bader, Atoms in Molecules�A Quantum Theory,University Press, Oxford, 1991.[10] S. Barr, Experiments in Topology, Dover Publications,Inc., New York, 1964.[11] G. McCarty, Topology: An Introduction with Applicationto Topological Groups, Dover Publications, Inc., NewYork, 1967.[12] D. Rolfsen, Knots and Links, Publish or Perish, Inc.,Houston, Texas, 1990.[13] L. C. Kinsey, Topology of Surfaces, Springer-Verlag, NewYork, 1993.[14] K. Ito, ed., Encyclopedic Dictionary of Mathematics, Sec-ond Ed., The MIT Press, Cambridge, Massachusetts, 1987.[15] I. Satake, �On a Generalization of the Notion of a Mani-fold,� Proc. Nat. Acad. of Science USA, Vol. 42, pp. 359-363, 1956.[16] W. P. Thurston, �Three-Dimensional Geometry and To-pology,� The Geometry Center, University of Minnesota,1992.[17] P. Scott, �The Geometry of 3-Manifolds,� Bull. Lond.Math. Soc., Vol. 15, pp. 401-487, 1983.[18] W. D. Dunbar, �Fibered Orbifolds and CrystallographicGroups,� Ph.D. Dissertation, Princeton University, 1981.[19] W. D. Dunbar, �Geometric Orbifolds,� Rev. Mat. Univ.Comp. Madrid, Vol. 1, pp. 67-99, 1988.[20] F. Bonahon and L. Siebenmann, �Seifert 3-Orbifolds andTheir Role as Natural Crystalline Parts of Arbitrary Com-pact Irreducible 3-Orbifolds,� unpublished, 1983.[21] F. Bonahon and L. Siebenmann, �The Classification ofSeifert Fibered 3-Orbifolds� in Low Dimensional Topol-ogy, Cambridge University Press, pp. 19-85, 1985.[22] J. M. Montesinos, Classical Tessellations and Three-Manifolds, Springer-Verlag, New York, 1987.[23] J. H. Conway, �The Orbifold Notation for SurfaceGroups� in Groups, Combinatorics & Geometry, M. Lie-beck and J. Saxl, eds., Cambridge University Press, pp.438-447, 1992.[24]J. Conway and B. Thurston, �Two and Three-DimensionalEuclidean Orbifold Voodoo,� preprint.[25] W. S. Massey, Algebraic Topology: An Introduction,Springer-Verlag, New York, pp. 145-180, 1967.[26] R. L. E. Schwartzenberger, �Colour Symmetry,� London Math. Soc., Vol. 16, pp. 209-240, 1984.[27] P. Orlik, Seifert Manifolds, Springer-Verlag, New York,1972.[28] J. A. Wolf, Spaces of Constant Curvature, 5th Ed., Publishor Perish, Inc., Wilmington, Delaware, 1984.[29] C. K. Johnson and H. A. Levy, �Thermal-Motion AnalysisUsing Bragg Diffraction Data,� International Tables for X-Ray Crystallography, Volume IV, J. A. Ibers and W. C.Hamilton, eds., The Kynoch Press, Birmingham, England,pp. 311-334, 1974.[30] L. van Hove, �The Occurrence of Singularities in theElastic Frequency Distribution of a Crystal,� Phys. RevVol. 89, pp. 1189-1193, 1953.[31] E. Bierstone, The Structure of Orbit Spaces and the Sin-gularities of Equivariant Mappings, Instituto deMatematica Pura e Aplicada, Rio de Janeiro, 1980.[32] E. Lerman and S. Tolman, �Hamiltonian Torus Actions onSymplectic Orbifolds and Toric Varieties,� DifferentialGeometry Preprint #dg-ga/9511008, 1995.[33] F. C. Kirwan, Cohomology of Quotients in Symplectic andAlgebraic Geometry, Princeton University Press, Prince-ton, New Jersey, 1984.[34] A. W. M. Dress, D. H. Huson and E. Moln�r, �The Classi-fication of Face-Transitive Periodic Three-DimensionalTilings,� Acta Cryst., Vol. A49, pp. 806-817, 1993.[35] E. Moln�r, �Symmetry Breaking of the Cube Tiling andthe Spatial Chess Board by D-Symbols,� Algebra and Ge-ometry, Vol. 35, pp. 205-238, 1994.[36] O. Delgado Friedrichs and D. H. Huson, �Orbifold Triang-ulations and Crystallographic Groups,� Period. Math.Hung., in press.[37] F. P. Bundy and J. S. Kasper, �Hexagonal Diamond�ANew Form of Carbon,� J. Chem. Phys., Vol. 46, pp. 3437-3446, 1967.[38] A. Tulinsky, C. R. Worthington, and E. Pignataro, �BasicBeryllium Acetate: Parts I-III,� Acta Cryst., Vol. 12, pp.623-637, 1959.[39] C. K. Johnson and E. Grosse, �Interpolation Polynomials,Minimal Spanning Trees and Ridge-Line Analysis in Den-sity Map Interpretation,� Abstracts of the American Crys-tallographic Association Meeting, Evanston, Illinois, Aug.9-12, 1976; C. K. Johnson, �Peaks, Passes, Pales, and Pits:A Tour through the Critical Points of Interest in a DensityMap,� Abstracts of the American Crystallographic Asso-ciation Meeting, Pacific Grove, California, Feb. 21-25,1977.[40] E. Hellner, �Descriptive Symbols for Crystal-StructureTypes and Homeotypes Based on Lattice Complexes,�Acta Cryst., Vol. 19, pp. 703-712, 1965.[41] W. Fisher, H. Burzlaff, E. Hellner, and J. D. J. Donnay,Space Groups and Lattice Complexes, National Bureau ofStandards Monograph 134, 1973.[42] E. Koch, �A Geometrical Classification of Cubic PointConfigurations,� Z. Krist., Vol. 166, pp. 23-52, 1984.[43] W. Fischer and E. Koch, �Lattice Complexes,� pp. 825-854 in International Tables for Crystallography, Volume

25, T. Hahn, ed., Kluwer Academic Publishers, Dordrecht,The Netherlands, 1995.[44] E. Hellner, E. Koch, and A. Reinhardt, The HomogeneousFrameworks of the Cubic Crystal Structures, PhysicsData, Nr. 16-2, 1981.[45] E. Koch and W. Fischer, �Lattice Complexes and LimitingComplexes Versus Orbit Types and Non-characteristicOrbits: a Comparative Discussion,� Acta Cryst., Vol. A41,pp. 421-426, 1985.[46] A. L. Loeb, �A Systematic Survey of Cubic CrystalStructures,� J. Solid State Chem., Vol. 1, pp. 237-267,1970.[47] L. Leherte, S. Fortier, J. Glasgow, and F. H. Allen,�Molecular Scene Analysis: Application of a TopologicalApproach to the Automated Interpretation of ProteinElectron Density Maps,� Acta Cryst., Vol. D50, pp. 155-166, 1994.[48] E. H. Grosse, �Approximation and Optimization of Elec-tron Density Maps,� Ph.D. Dissertation, Stanford Univer-sity, Stanford, California, 1980.[49]A. Bj�rner, M. Las Vergnas, B. Sturmfels, N. White, andG. M. Ziegler, Oriented Matroids, Encyclopedia of, Vol. 46, Cambridge University Press, Cam-bridge, England, 1993; G. M. Ziegler, �Oriented MatroidsToday,� World Wide Web http://www.math.tu-berlin.de/~ziegler, 1996.[50] R. B. Kusner and J. M. Sullivan, �M�bius Energies forKnots and Links, Surfaces and Submanifolds,� preprint,1994.[51] Martin Sch�nert et al., GAP�Groups, Algorithms, and, Lehrstuhl D f�r Mathematik, RheinischWestf�lische Technische Hochschule, Aachen, Germany,first edition, 1992.[52]H. Brown et al., Crystallographic Groups of Four-Dimensional Space, John Wiley & Sons, New York, 1978.[53]V. A. Koptsik, Shubnikov Groups, Izd. MGU, Moscow,pp. 212-227, 1966.[54] W. P. Thurston, �Three-Dimensional Manifolds, KleinianGroups, and Hyperbolic Manifolds,� Bull. Amer. Math.Soc., Vol. 6, pp. 357-382, 1982.[55]J. E. Borzellino, �Riemannian Geometry of Orbifolds,�Ph.D. Dissertation, University of California, Los Angeles,1992.